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1 Introduction 


Discovering Galilean space-time is probably one of the major achievements of non relativistic physics. 
Nowadays Galilean space is becoming increasingly popular as evidenced from the connection of the 
fundamental concepts such as velocity, momentum, kinetic energy, etc. and principles as indicated 
in (7. In recent years, researchers have begun to investigate curves and surfaces in the Galilean space 
and thereafter pseudo-Galilean space. A regular curve in Euclidean space whose position vector is 
composed by Frenet frame vectors on another regular curve is called a Smarandache curve. Smaran- 
dache curves have been investigated by some differential geometers (1}/9). M. Turgut and S. Yilmaz 
have defined a special case of such curves and call it Smarandache TB curves in the space E} (9}. 
They have dealed with a special Smarandache curves which is defined by the tangent and second bi- 
normal vector fields. Additionally, they have computed formulas of this kind curves. In (2), the author 
has introduced some special Smarandache curves in the Euclidean space. He has studied Frenet-Serret 
invariants of a special case. In this paper, we investigate Smarandache curves for the position vector of 
an arbitrary curve in terms of the curvature and the torsion with respect to standard frame. Besides, 
special Smarandache curves such as TN, 7B and T NB according to Frenet frame in Galilean 3-space 
are studied. Furthermore, we find differential geometric properties of these special curves and we 
calculate curvatures (natural curvatures) of these curves. Our main result in this work is to study 


Smarandache curves for some special curves in the Galilean 3-space G®. 
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2 Preliminaries 


Let us recall the basic facts about the three-dimensional Galilean geometry G?. The geometry of 
the Galilean space has been firstly explained in (11). The curves and some special surfaces in G® are 
considered in [3]. The Galilean geometry is a real Cayley-Klein geometry with projective signature 
(0,0,+,+) according to (5). The absolute of the Galilean geometry is an ordered triple (w, f,J ) 
where w is the ideal (absolute) plane (a = 0), f is a line in w (a = x, = 0) and TJ is elliptic 
((0: 0: x2 : 23) —> (0: 0: x3 : —x2)) involution of the points of f . In the Galilean space there 
are just two types of vectors, non-isotropic x(x, y,z) (for which holds x 4 0). Otherwise, it is called 
isotropic. We do not distinguish classes of vectors among isotropic vectors in G?. A plane of the 
form x = const. in the Galilean space is called Euclidean, since its induced geometry is Euclidean. 


Otherwise it is called isotropic plane. In affine coordinates, the Galilean inner product between two 


vectors P = (pi, p2,p3) and Q = (q1, q2, q3) is defined by (4): 


(P, Q)g3 = — ‘i oe (4) 
p2qg2 + p3sq3 if pr =OAq =O. 
And the cross product in the sense of Galilean space is given by: 

QO e€2 e3 
pi p2 ps} ifpr F0VH #0, 
M1 92 4B 

(P x Q)gs = (2.2) 
€1 €2 €3 
Pi p2 pp }3 ifpr=OAqg =0. 
qm G2 4B 


The Galilean sphere of radius d and center c of the space G? is defined by 


S2.(c,d) ={X —ce G?: (X —¢,X —Ogs = +4’}. 


A curve a(t) = (x(t), y(t), z(t)) is admissible in G? if it has no inflection points (a(t) x @(t) #0). An 
admissible curve in G? is an analogue of a regular curve in Euclidean space. 
For an admissible curve a: I — G®, I C R parameterized by the arc length s with differential 


form dt = ds, given by 
a(s) = (s,y(s), 2(s)). (2.3) 


The curvature «(s) and torsion 7(s) of a are defined by 


n(s) = |ja"(s)| = Vy")? +2", 


= LO oe 


Note that an admissible curve has non-zero curvature. 


The associated trihedron is given by 


T(s) = a(s)=(1,y(s),2(s)), 
a'(s) _ (0,¥"(8),2' (s)) 
a) & K(s) k(s) , 
Bis) = aa is) (2.5) 


For derivatives of the tangent T, normal N and binormal B vector field, the following Frenet formulas 
in the Galilean space hold 


/ 


T 
N =|0 0 Ff N ]. (2.6) 
B 0 —7r O B 


From (2.5) and (2.6), we derive an important relation 
a" (s) = k'(s)N(s) + &(s)7(s)B(s). 
Let us consider the following definitions: 


Definition 2.1 As in the three-dimensional Euclidean space, an admissible curve in G?, whose posi- 


tion vector is composed by Frenet frame vectors on another admissible curve is called a Smarandache 


Curve [9]. 


In the light of the above definition, we adapt it to admissible curves in the Galilean space as 


follows: 


Definition 2.2 let 1 =I'(s) be an admissible curve in G? and {T,N, B} be its moving Frenet frame. 
Smarandache TN, TB and TNB curves are respectively, defined by 


r T+N 
_ |T+NI’ 
r T+B 
TB Tm. Dn)? 
T+ Bi 
T+N-+B 
T es, 2.7 


Definition 2.3 A helix is a geometric curve with non-vanishing constant curvature K and non- 


vanishing constant torsion T [10] 


Definition 2.4 A family of curves with constant curvature but non-constant torsion is called Salkowski 


curves and a family of curves with constant torsion but non-constant curvature is called Anti-Salkowski 


Curves Ge 


Definition 2.5 As in Euclidean 3-space , let aw be an admissible curve in Galilean 3-space with Frenet 


vectors T,N and B. The unit tangent vectors along the curve a generate a curve ay on a Galilean 


sphere of radius 1 about the origin. The curve ag is called the spherical indicatriz of T or more 
commonly, ay is called tangent indicatriz of the curve a. If a= a(s) is a natural representation of 
a, then ap(sp) = T(s) will be a representation of agp. Similarly one considers the principal normal 
indicatrit an(sN) = N(s) and binormal indicatrix ap(sp) = B(s) [3j. 


3  Smarandache curves of special curves 


In this section, we consider the position vector of an arbitrary curve with curvature «(s) and torsion 


T(s) in the Galilean space G? which computed from the natural representation form as follows 


i= s i; | / eavees | i r(s)ds| is de. / | / Porn | / r(s)ds| as is) (3.1) 


ite towing trams 
E | i Ore | / r(s)ds| is | y POcn | / r(s)ds| is] . 
0,c0 / r(s)ds| si | / r(s)ds]] . 
Bye (0,—sin | i r(s)ds| ee | fl r(s)ds} ). (3.2) 


Let us investigate Frenet invariants of Smarandache curves according to definition 2.2. 


= 
— 
W 
Seca 
I 


Z 
rr 
we 
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3.1 TN-Smarandache curve 


Let r1(s1) be a TN-Smarandache curve of r(s)written as 


fae 1, [ K(s) cos ti T(s)ds] ds + cos Lf T(s)ds| ; a 
a ( J «(s) sin [ f-7(s)ds] ds + sin [ [ 7(s)ds| a8) 


By differentiating (3.3) with respect to s, we get 


T= 1 0, «(s) cos | f 7(s)ds] — r(s) sin [ f 7(s)ds] , | (3.4) 
VK2 +7? K(s) sin [{ 7(s)ds] + 7(s) cos | f 7(s)ds] 
where 
“. = Veer. (3.5) 
Also, differentiating (3.4), we obtain 
KN, = (+722 (0, M1, A2) ) (3.6) 


then, the curvature and principal normal vector field of 71(s1) are respectively, 


1 


1 
= Ao 33 = 
_— (x2 +72) Ap+A3, Ni= “ee (0, A1, Az), (3.7) 


where 


Mo = (HK 87 = 677 — 73 + KéT) sin i r(s)ds| 


+ (—K77? + 7° — 74 — FKT) cos | / r(s)ds} (3.8) 


Ng = (Kr +474 +7°K — kT) cos | r(s)ds| 
+ (Kr? — 77? +77 + 747) sin / r(s)ds| (3.9) 


On the other hand, the binormal vector of this curve is expressed as 


B, = : 
(«2 +7) (03 +93) 
| dz («(s) cos | f 7(s)ds] — r(s) sin [ f 7(s)ds]) — | . (3.10) 
Ai («(s) sin | f 7(s)ds] + 7(s) cos [ f 7(s)ds]) ,0,0 


it follows that 
71 =0. (3.11) 
3.2. TB-Smarandache curve 


Let r2(s2) be a TB-Smarandache curve given by 


fetes 1, f «(s) cos | f 7(s)ds] — sin [f 7(s)ds] , | i 
2(s2) | f «(s) sin | f 7(s)ds| + cos | f 7(s)ds] aa 


Differentiating this equation with respect to s yields 
r= (0,00s | r(s)ds| ,sin / r(s)ds} : (3.13) 


—-=(Kk-T). (3.14) 


where 


Ags = (3.15) 


Ny = (0. ie | / r(s)ds| ae | i r(s)ds} . (3.16) 


From the above mentioned, one can obtain 


Bo = (1,0,0). (3.17) 


From which 
T = 0. (3.18) 


3.3. TNB-Smarandache curve 


By definition 2.2, the TNB-Smarandache curve is given by 


1, f «(s) cos | f7(s)ds] + cos | f 7(s)ds] — sin | f 7(s)ds] , | 
J «(s) sin | f'7(s)ds] + sin [ f 7(s)ds] + cos [f 7(s)ds| 


Similarly, its tangent, the principal normal and the binormal vectors are respectively, 


73(83) = | 


T; = al 0, (Kk — 7) cos [ f r(s)ds] — r(s) sin [f r(s)ds] , | 
(«—7)? +7? (« —7)sin ee ds] + 1(s) cos | f r(s)ds] 
in which 
os = (kK ~~ tr) a 1, 
( 0, pi cos [f 7(s)ds] — pz sin [ f 7(s)ds] , 

Ne = pz. cos | f ever + = sin [ { r(s)ds| 

py = lnk) gy, 
(KT) +72 /nt + 13 

where 


ins) = (((e-7)? +7?) (RF = 7?) = (n=7) (K-17) (K-74) +77), 


[12(s) (((e- 7) +7") (Tk - 7° +7) T((K —7T)(K—-T)4 7); 


The curvature and the torsion of this curve are respectively, given by 


2? 
((x _ ry? + 5) 


K3 = 7T3 = 0. 


(3.19) 


(3.20) 


(3.21) 


(3.22) 


(3.23) 


(3.24) 


(3.25) 


Theorem 3.1 Let r(s) given by (3.1) be a helix B(s) in G? (r/K =m = const.)which can be written 


as 


Oe (5 / a C / H(s)ds| ds, —~ / i C sf x(s)ds| is) 


then TN, TB and TNB-Smarandache curves of 8 are plane curves with constant curvatures. 


(3.26) 


Proof. We prove this theorem for TIN-Smarandache curve only. The straightforward computations 


on § give respectively, the tangent, the principal normal and the binormal vectors of 6 as follows 


r,s) (1, Sin fm [ x(s)as| = c0s fm [ x(s)as] ). 
Na(s) = (0,008 C / x(s)ds| sae In 7, x(s)ds} ) 


6 


B,(s) = (0,—sin fm i x(s)ds| Sf [bm i. n(s)ds] ) (3.27) 


The TN-Smarandache curve of 3 can be expressed as 


+ sin [m [ «(s)ds cos |m | &(s)ds 
ain)=("% [rm J (s)d3] + cos [ ee ae 


i cos [m af K(s)ds| + sin [m 


It has the moving Frenet frame 


= dL ( 0,—sin |m f «(s)ds] — mcos[{m f K(s)ds] , 


s)ds] — msin |m 


1 
Ba 6.00 3.29 
a (= ) eae 


From the above data, the curvature and torsion of 3; are 
Kg, =m, Te, = 0. (3.30) 


The curvature is constant and torion is vanished. The same results for TB and TNB-Smarandache 


curves of @ are valid. Hence the proof is completed. m 


Remark 3.1 I[fr(s) is a circular heliz (k = const. ,r = const.), then TN, TB and TNB-Smarandache 


curves are also plane curves with constant curvatures. 


Theorem 3.2 If r(s) is a family of Salkowski curves y(s) in G3 (rt = T(s),& = a = const.)which can 


4 = (s.0f / oh (/ r(s)ds) as ds.a | / slit (| as) as as) (3.31) 


then TN, TB and TNB-Smarandache curves of y are plane curves with non-constant curvatures. 


be written as 


Proof. After some calculations on 7, the tangent, the principal normal and the binormal vectors of 


7 are, respectively 


T, (8) = (1.0 / cos ( / s)as)] as.a | sin (| rs) is) 
Nee (0.00: | } r(s)ds| ae | | r(s)ds} 
B= (0 =e | / r(s)ds| ns | r(s)ds} (3.32) 


Here, TN-Smarandache curve of 7 is 


i laf [cos (f T(s)ds)| ds + cos Lf 7(s)ds] 
y1(s1) ( af sin (f 7(s)ds)| ds + sin | f 7(s)ds] , (3.33) 


ig 


with the Frenet vectors 


aa cs 1 ( 0,acos(f 7(s)ds) — r(s) sin(f 7(s)ds), 
a a? — 77(s) asin({ 7(s)ds) + r(s) cos(f 7(s)ds) 


N, 1 ( 0, —4; (s) sin(f 7(s)ds) + 05 (s) cos(f 7(s)ds), Oe [92 + 83, 


- 62 (s) sin( J 7(s)ds) + 6; (s) cos({ 7(s)ds) 


Bess ( ete) 00) (3.34) 


Ky = ———— ™ = 9, (3.35) 


where 


6, (s) = ((ar) (a? — 7) + 77”) 92 (s) = (arr —7? (a? — =) : (3.36) 


As above, we can do similar calculations for TB and TNB-Smarandache curves of 7. In all cases, the 
curvatures are non-constants (they depend on the torsion of the Salkowski curve) and the torions are 


vanished. Thus, this completes the proof. m 


Remark 3.2 If r(s) is a family of Anti-Salkowski curves 6(s) in G3 (r = b = const., k = K(s)), which 


can be written as 
i= (s. | | / se) cos(bs)ds ds if : as) sin(bs)ds| is) (3.37) 


then TN, TB and TNB-Smarandache curves of 6 are also plane curves with non-constant curvatures. 


4 Spherical indicatrices of a general helix in G? 


In what follows, we investigate the spherical indicatrix of the tangent of the helix G(s). By differ- 


entiating (3.26) with respect to s, we have the tangent spherical curve as follows: 


ey ee (1. ~ sin(m / aida: — cos(m / (x(8)as)) (4.1) 


The Frenet vectors of 6,.(s.,.) are 
ey a (.cos(mn f (s}ds),sin(on [ (s)¢s)) 


Ny (se) = (0,=sin(m [ (s)ds),cos(m [ K(s)ds)). 
1,0,0) 


B.,(s;) = (1,0,0), (4.2) 


and its curvatures are given by 


Ken (Sq) =, ea (Sp) = 0: (4.3) 


Theorem 4.1 Let 3 = 8(s) be a helix in the Galilean space Gewith «(s) #0. The curvatures of the 
tangent spherical curve B,(s,) of 6 for each s, €1C R satisfy the following equalities 


(T,, Br) es = 0, (Ny, br) es = = (By, Br) es = = 


Fi KK 


/ 

T 
ee 
T T 
Proof. By assumption we have 


( (cin Bx) ce = de, (4.4) 


for every s, € I C R and d is the radius of the Galilean sphere S2, . By differentiating (4.4) with 


dB, ds 
so ij 
(o ds Px) 


where s,, is the arc length of the tangent spherical curve in G?. So, we get 


respect to s, we have 


ds... 


ee =k(s) , 
then 
K(s) (Ty, Bp)gs = 9, 
(Ty, bp) = 0. (4.5) 


By a new differentiation of (4.5), we find that 
Kk, & (Ny, By)oa +h (Ty, Tz) gs = 0. 


From which 
—1 
(Nx, br) aa (4.6) 


Kp 


More differentiation of (4.6) gives 


Typ (By, Br) gs + OK (Nz, T+) ¢s = 2 
T 
since 
dN 
(N,, T+) ¢s = 0, —= Tp B,, 
ds. 
then 
B =e 
( 1 Pr) Gs — KT, Re 


Thus, the proof is completed. m 


From aforementioned information, we have the following proposition. 


Proposition 4.1 The Galilean spherical images of a general helix ( or circular helix) in the three- 


dimensional Galilean space are plane curves with constant curvatures. 


Proposition 4.2 We can also do in similar way the calculations for the other spherical images of 
TN,TB and TNB-Smarandache curves, we find that they are plane curves with non-constant 


curvatures. 


5 Examples 


Example 5.1 Let 3(s) be a general helix in three-dimensional Galiliean space with Kk = T = en 


parameterized by 

8(s) = (s,2 [sin V/s — V/scos Vs] , —2 [cos V/s + Vssin vs] ) 
The TN- Smarandache curve of B(s) is given by 

By (81) = (1, sin (v/s) + cos (V/s) , — cos (V/s) + sin (/s)) - 


Then, the Frenet vectors are 


Ti(s1) a (0 cos (\/s) — sin (V/s) cos (\/s) + sin We) | 


v2 v2 


Ni(s1) = (0 (cos eee (v's) cos Wan wa) | 
Bi(s1) = (cos? (\/s) + sin? (V/s) ,0,0). 


The derivatives of these vectors give 


Kyi (si) = = T1 (s1) = 0. 


The TB and TNB-Smarandache curves of 8(s) can be calculated as above. 
The tangent spherical image of 3(s) is defined by 


= (1, siny/s, — cosy/s) : 
From which, one can obtain 
4 (0, cosy/s, siny/s) F 
N= (0, — sins, cosy/s) ‘ 
> = ((sinv3)? + (cosVs)* 0,0). 


ee) 
I 


It follows that 


Kp = 1, Tr = 0. 


In an analogous way, one can obtain the normal and binormal spherical images of 8 and their curva- 
tures. The general helix B(s) and its TN-Smarandache curve and tangent spherical image are shown 


in Figures 1,2,8. 


10 
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Figure 2: The T.N-Smarandache curve of ((s). 


Figure 3: The tangent spherical image of ((s). 


Example 5.2 Consider a circular helix v(s) in G? with non-zero constant curvature and torsion, which 
is given by 


v(s) = (8, cos s, sin s), 


the representation of its tangent spherical curve is 
vy = (1,—sin s, cos s). 


11 


Then, simple calculations lead to 


T, = (0,—cos s,—sin s), 


Z 
] 


(0, sins, —coss) , 


Be = ((sins)? + (coss)* .0,0) ; 


By the aid of the derivatives of the above formulas, we obtain the curvatures of Vz 


Figure 4: A circular helix v(s). 
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Figure 5: The tangent spherical image of v(s). 


6 Conclusion 


In the three-dimensional Galilean space, Smarandache curves of some special curves such as helix, 
circular helix, Salkowski and Ant-Salkowski curves are studied. Furthermore, the spherical images of 
the helix are given. Some interesting results are presented. Finally as an application for this work, 


some examples are given and plotted. 
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